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ABSTRACT 

This manuscript is a collection of many of the known 
results in the theory of generalized filters ( 2 -filters) 
as well as an extension of some of the work in this area. 
The relation of R-filters to compactifications and real- 
@empactifications is given special attention. Special 
memasis 1S also given to the concept of tracing. 

mavemepde Necessary preliminaries are disposed oi. 
Section I motivates the study of %-filters by discussing the 
eoltection of zero-sets and then the Wallman compactification. 
‘The concept of realcompactification is also mentioned. 
Section II introduces the concept of -filters and exhibits 
Memy Of the elementary facts about these generalized filters. 

ine beginning of Sectdon Lil deals with the convergence 
of X-filters. The Frink or Wallman-type compactification of 
gue chionoff space is presented in detail. The generalization 
fSeeenis method in constructing realcompactifications in 
Tychonoff spaces is also discussed. The section closes with 
maieepresentation of some tracing results. Finally, Section 


IV investigates the concept of 3-continuity. 
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i el RODUCLION 


Thi Ss thesis saSsumes § Giese ead Cte ars seen inielt omer idieoa 
basics of general Lopolopy 25 Many .on ste ees Wns tines 
Manuscript are contained in or are generalizations from A 
Mreatise on Realcompactness by M. Weir [33] and the notes of 
Menlo and H. Shapiro [2]. The text Rings of Continuous 
Functions by L. Gillman and M. Jerison [11] provides much of 
the motivation for this investigation and is referred to 
Mmeequentiy. When a precise reference to one of the above 
Werks 1s helpful, the notation ([33], 1.3) is used to specify 
Section 3 of Chapter 1 of [33]. 

Pee ODO Lom cateepace Wiswall somgderedepatic (jumpy. Wine sere emits 
a non—empty set and t 1s the family of all open subsets of X. 
Usually the t is suppressed and (X, tT) is denoted simply by X. 
When A is ce of a topological space X, it will be as- 


i 


sumed that A is a topological space equipped with the 


. 


meetive topology t, = { GNA: Get }. 


A 
The power set of any set X is denoted by P(X). The 
emp, set is represented by @. For a subset A of X and a 
subcollection © of FP(X) the trace of Gon A is the collection 
{ CNA : C e f}of subsets of A and is represented by BOA. 
The natural numbers are denoted by WN. 
Mae interior of a subset A of a topological space xX is 


represented by int, A, or simply int A when no confusion 


X 
Mesvlts. oOlmilarly, the closure of A is™a@ppreviated by 








cly A or cel A. Thevcomplement Of" wien Respecus vor a 
denoted by XNA. 


The topological space X is called a T,.-— space in case for 


ii 
each xeX the singleton set {x} is closed. The space X is 
meemoagorff when for every pair of distinct points x jyexk there 
ees (Olly Opem ocus U and VY such that Ke UT anteeyvc Vv eenne 
meace X is completely regular in case for each xeX and each 
Smwesed set which does not contain x there is a continuous 
mimenton f from X anto the reals such that f(x) = 0 and 
moe) {1}. Furthermore X is a Tychonoff space when X is 

a completely regular ae space. Finally X is a normal space 
ance het Nee 


1 2 


Cc 
1 U and F,¢V. 


In a topological space X a collection 8 of closed subsets 


adn case for each pair of disjoint closed sets F 


feeee GiS;oint open sets U and V such that F 


tome atled a base for the closed sets if each closed set can 
be written as the intersection of elements of 8. Equiva- 
lently @ is a base for the closed sets in case for each 
mlosea sev F CX and each point xeANF there is a basic closed 
set Be 8 satisfying FCB and x&{B. 

The collection of all continuous, real-valued functions 
on a topological space X is denoted by C(X). The set C(X) 
can be made into a ring by defining two operations by the 
mormulas: (fte)(x) = f(x) + g(x) and (feg)(x) = f(x) g(x) 
where f,ge C(X) and xeX. 


R topological space X is sazd to be compact in case every 


open covering of X has a finite subcovering. Equivalently, 








mais compact if and @nly divVever, fami soi we leosed score scm 
tee finite intersection property has) nen -enpty simatersecr en 
lL UB ae 

Gilman and Jerison in ([11], 4) investigate the relation-— 
ships between a Tychonoff space X that 1s compact and the 
associated algebraic ring C(X). They -show the known result 


Maat CWO compact Hausdorff spaces are homeomorphic if and 


continuous, real-valued functions are algebraically isomorphic. 
iimevhner words, the topology of a compact Hauscorff space X 
is determined by the ring C(X). This result is obtained in 
the following way. 

For a compact space X every maximal ideal in the ring C(X) 
is of the form Me = { feC(X) : f(x) = 0 } for xeX, and these 
feet ideals are distinct for distinct points of X. The 
collection Mof all maximal-.ideals in C(X) is made into a 
topological space by taking as a base for the closed sets in 
Mall sets of the form { Me eel jf stone TSC ON) a lke “Cele, Ine 
shown that Mis a well-defined Hausdorff space and that the 
function g from X into Mdefined by g(x) = M, for each xeX is 
eeeejection. Notice that for any feC(X), the maximal ideal 
M, belongs to the collection B = { Me™: feM} if and only if 
mex) = 0. Hence, eaten = { xeX ;. Bie Com) = (xo. f(x) = OO} 
This observation is used to establish that the mapping g is 
a homeomorphism of X onto M([1l], 4.9). 

eeouriS OUL thavesets=or une form 1 x © x s tex) =o } 


for f € C(X), as introduced in the preceding discussion, play 








an important role an) tne study vol Pyvenonoriec vac cuana 
Geserve further investigation. 

Let X be a topological space and let feC(X). The set 
met) = { xeX : £(%) = 0 } is called €he zero-set of f. 
If A¢X, then A is a zero-set in case A = Z(f) for some 
mee (xX). The collection { Z(f) : feC(X) } of all zero-sets 
on X is denoted by 7% (X). It is clear that each zero-set is 
earosed. 

ieeice that Jem — 70lr|) =mz(f jet © =O! themez( 5) = 
and if f = 1 then Z(f) = ¢. The following lemma [11] furnishes 
some more interesting properties of the zero-sets and provides 


temwevyation for some of the generalizations which occur later. 


ijt Lemma. het X be a topollogiical, space and 7(%) 
mameeme Collection of zero=sets on X. The following statements 


mmm mp eee ee ee 


are true: 





Cig ey Uacmcol lecelones 08 slswe hos ocmumecn 
ieee Unions. 

(2) ioe Olelce hon m4.) mlm loseGs unger 
wolmvable intersections. 


(3) Every zero-set may be represented as 


a nc ee 


nm a a el 


Ce lbewsvaces sls completely regular it 


egemonly if ~@(X) isea base for the closed sets. 


SS mpm eee mm aa ped 


(5) If X is completely regular, then every 


neighborhood of a point contains a zero-set neighborhood of 


eee we eee eee Ce ieee ee Ge ee eee ee 


ime point. 











Proof: (i) Met 1) eeC@ ames 0.0 9 eleanor 
meeC( xX). Moreover, Jt is Cacy Gorveri iyveceae 
ZOf)U Z2(e¢) = 2( fe). Hemee 2.0%) is s¢loscadmunder (211 temun ones 
Cy ene Piec(X) : ne N} be a countable collection 
of elements of C(X). For each neW let h, be the constant 


function bee 


and define a function g, by g = Lbigt | ee alet 
From analysis ge C(X). Furthermore, g(x) = ) g(x) is 
neN 
also in C(X) because le (x) [<2 so that the above series 
Gemvergzes uniformly. it is easy to see that 
i Z(t) Sn oe Z(ge_) : n eN}= Z(g). Hence Z(X) is 
closed under countable intersections. 

C3) let reeOemand Tet us {ee Galen} 
for each neN. Note that each Gh is an open set. One can 
verify that Z(f) =nf{ G. >: ne IN}. Therefore each zero-set 
Mmm pe represented as a countable intersection of open sets; 
mme., 1S a Ge-set tg 8 

(4) Let X be completely regular and let F be a 
@mesed set and xeX\F. Then there exists a feC(X) such that 
fer) = | and f(F) ¢ {0}. Hence FCZ(f) and xéZ(T) so that 
'’.(X) is a base for the closed sets. Conversely, let L(x) 
be a base for the closed sets and let F be a closed set with 
keK NEF. Then there is a geC(X) such that FeZ(g) and xéZ(g). 
So g(x) = ec where c is a non-zero constant. Define the 
function f = Hg. Then feC(X) and it is easily verified that 


f(x) = 1 and f(F) <@ {0}. Hence X is completely regular. 








(5) Let xeX and let N(x) be a neighborhood of x. 
Then there is a closed set F such that X\N(x) CF and xtF. 
Since X is completely regular, there is a feC(X) such that 
mex) = 1 and f(F) G10} . Let h,kec(X) be the functions 


h22/3 and k=1/3. Since 


A Ee) 


[Vv 


2737) =) Zit 1 2=n 0) eand 


B 


1 SEXO et COR <1 /35) 


Z(max {r-k, 0} ), the sets 
A and B are disjoint zero-set neighborhoods of { x } and F 
respectively. Furthermore, A CN(x) because X\N(x) CB and 


fen =. Thus, xe int A CA CN(x). 


Prior to the introduction of zero-sets, an interesting 
property of compact spaces was discussed. The compact spaces 
eayoy Other important properties. For instance, continuous 
real-valued functions assume their infimums and supremums. 
limos therefore often desirable to embed a space into a 


compact space. A compactification of a space X is an ordered 





pair (f,Y) where Y is a compact space and f is a homeomorphism 
from X onto a dense subspace of Y. A compactification is 
ered Hausdorff in case Y is a Hausdorff space. 

Wallman [32] developed a technique for constructing a 
Hausdorff compactification of any normal space. An outline 
of the essential steps in his procedure ([15], 5.R) provides 
insight into later developments of this paper. 

Let X be a T,- space, let nebewrhe famnilvewet all closed 


subsets of X and let w( 2) be the collection of all subfamilies 


10 








~ of % which have the finite intersection property and are 
maximal in 8 relative to this property. If ®ew( 2%), then 
t is closed under finite intersections. For each closed 
subset F of X let F* = {fe w (2) : Fe Tt}. Then w(%) can 
be made into a compact topological space by taking as a base 
for the closed sets the collection { F* : Fe 2}. For each 
Beeemelet f(x) = {F eR: xeF }. It can be shown that f is a 
homeomorphism of X onto a dense subspace of w( 8). Moreover, 
if X is normal then (3%) is Hausdorff. 

Frink [10] generalized Wallman's method by constructing 
mausdorff compactifications for arbitrary Tychonoff spaces. 
He used the notion of a normal base R (which will be defined 
later) to construct the space w( 3) of all subfamilies % of 
R which have the finite intersection property and are maximal 
in 3 mebavive TO Unis property... Frink!S = coms trucUlonuw. Elbe 
presented in detail in Section Ill and motivates many of the 
concepts to be presented in this manuscript. 

wine concept of a realcompact space (originally known as a 
Q-space) is due to E. Hewitt [14]. The theory of realcompact 
spaces [33] is in many ways analogous to the theory of compact 
Spaces. In fact, the realcompact spaces are determined by the 
associated algebraic ring C(X) just as the compact spaces are 
determined by the subring C*(X) of all bounded functions in 
C(X). (Note that for a compact space X the rings C(X) and 
C*(X) coincide since every continuous, real-valued function 


on a compact space is bounded.) There are many equivalent 


idk 








formulations for the concept of a realcompact space (See 
fies); 2.5.15 2.5.45 225.959 2. See pee ere eee lalalime 
fel3.25). This manvuseripy witli de tine a. cealconpace espace 
as a Tychonoff space X that can be homeomorphically embedded 
as a closed subspace in a product of real lines. An equiv- 
alent characterization of realcompactness will be given later 
on in this work. 

in (3 )"Alo and Shapiro use a variation of Frink”s notion 
Sea normal base in order to @enstruct realcompactifications 
eee ltvchonoff spaces that are of the Waliman or Frink type. 
Their considerations will also motivate many of the definitions 


meee results to be presented in this manuscript. 


ila 
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it, fhe CONCEDE Cr % -FILTERS 


The theory «of to) Ceres ehayswan sneer ame eeu 
mopolory. A generalization vol Ehewim liver sconce poe pke, les 
a useful tool for the study of compactness and realcompact— 
Meas @S was mentioned earlier. This thesis assembles and 
extends some of the work that has been done with generalized 
meetcvers and relates this work to compactifications and 


realcompactifications. The following definition is fundamental. 


est Definition ® if X Gissa nen—enply eset and if 
& ¢ (P(X) is closed under finite intersections, then a col- 
lection $ of elements in 2 is a -filter on X when the 
muLOowing conditions are satisfied: 
(1) The collection % is non-empty and gee T. 
(2) %If A and B belong to %G, then ANBe %. 
(3) If Ae and A contains an element of = , 


then le e Z 


If R= F(X), then §& -filters are simply 
Seafemiamitliar Bourkaki filters. Since the zero-sets are 
closed under countable intersections, the zero-sets may .be 
used for % and the corresponding zero-set-filters (or Z- 
filters) are then considered. Throughout the remainder of 


Mier paper, it will be assumed that the collection % is 


ma Re ee aS 
compen ppm ee mS eee eee 


¢losed under finite intersections. 


Ls 





2.2 Definition. A collection 8 of members of a 
Pe liver: € is called a base for Gif for each Act there 


mo an element.of 6 Containea an J 


2.3 Lemma. Let 6 be a subcollection of 3%. The 


eee a 
a ee 
mm ee ee ca EE Ee 


emp Sr nap i 


® contains a member of 6B. 

POO! 2 ere 6 be a base for a R -filter %. Then 
Baas non-empty by definition of a 8-filter base and the 
fact that @ is non-empty. Moreover, 8 ¢ t implies gfe B 
Also, from Q@e¢ % and the definition of 2 -filter, 
B,; B., eR implies BLN B. e%. Then by definition there 
is a member of ® contained in B, A B, 

Conversely, suppose (1) and (2) hold. Consider 
% = { Ac&: BCA, Be BY}. If Bis a R-filter, then clearly 
® is a base for G. From (1) and the fact that @ ¢ ‘4 ' 
the collection € is non-empty and ¢¢%. The intersection 
of any two elements of % contains the intersection of two 
elements of @ which in turn contains a member of 6 by (2). 
It follows that the intersection of any two elements of t 


must belong to %. Finally, let Ze such that Z > A where 


Ac ™% . Th.n there is a Be® such that Z>A>B. Hence Zc. 
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Therefore, Gis a R-filter with base B. 
2 - Sak remancke: 

if 6 is. 4 base Gorvay 4 —f1 tere ne rmmateinemee yy telelee enc 
% = {Ac : BCA for some Be®B} of the preceding proof is 
called the 3-filter generated by &®. Moreover, if 6 is a 
base for the % -filter %,.then %G is the gh oral Iu) penemaced 
byes . 

It is easy to show from the definitions that if 
4 is a subcollection of 3%, then there is a %-filter con- 
taagning & if and only if every finite subcollection of &# 


has non-empty intersection. 
Movs “ie deny sioyen Alene: abit ve Ubisvetel iisio We ghe IL 


2.4 Lemma. Let $ be a R-filter on X and let Ac8. 
Then % vU{A} is contained in some 8-filter if and only if 
A meets every member of %. 

meoot: Ihe nécessicy is e¢lear because the empty set 
Cannot belong to any Seailter., | Onethe other hand suppose 
imiecelsS every member of Sead elect Gi sheen fe By hypothesis 
6¢@8, and since G is non-empty, the same holds true of 6. 
The intersection of two elements of 8 belongs to 6 because 


% is closed under finite intersections. Hence by (2.3), 


® generates a R-filter § satisfying @¢M and Acy. 


im examination of the trace of ® =filters reveals diffi- 


culties not present in the study of Bourbaki filters. One 


1 








question which arises is what should be taken as the distin- 
guished collection of subsets Of Si Suppose! Omerne moment 
that the collection RAMA is selected. After all, the power 
set of A is given by P(X)N A. Recall that for a Bourbaki 
miter 6 and a subset A of X the trace of G on A is a filter 
mieand only if A meets every member of G. The following 
feomple illustrates that this result need not hold for 

2 -filters. 

Let X be the natural numbers, let the collection 2 be 
meoeby 1 11), 11547, 12,3), t152,3)},¢) and let A = 11,4). 
Notice that % is closed under finite intersections and that 
peers A = { {1}, {1,4}, 6} . The collection = { {1,2,3} } 
is a Q-filter but @nA = {{l}}'is clearly not a QnA - 
moLcer. 

Next, suppose the ecoelllection of Zero—sets is the distin— 
Pieced Collection of interest. het A be the real line and 
let A be defined as Kea eWhere. a. 1S ADO tedin \enee des 
that the set { xeX : x>a } is a zero-set of A determined by 
Wiemcontinuous function f£f on A which takes x>a into O and x<a 
@mco 1. “However, f does not have a continuous extension to 
all of X. In other words, there exists a zero-set on A 
determined by a continuous function f which is not obtained 
by the intersection of A with the zero-set of a function on the 
whole space. 

This example suggests the blanket assumption that RANA 


be taken as the distinguished collection of subsets of A 


16 








should not be made. Throughout Che rematnidersot sitoep pale. 


i ee ee en SE et eR — SS SS 
aimed ee SS SS te 


ea meee emp rt eer ee 


crm eee Quem eect em ae ee ee ee ee ee 


The following lemmas investigate the problem of tracing with 





R -filters. Additional results will be obtained in Section 


img. The following definition will besuseful. 


o> Detinitaon. ber X be a see and Ver =<, 16 = —ne 
collection % is a ring of sets in case it is closed under 


fami ce unions and also finite intersections. 


ioe DOWer Set of any seu is clearly a rine of Sets. 
From (1.1) the collection of zero-sets for any X is also a 


fans Of sets. 


2.6 Lemma. Let A cX and let $€be a 3-filter with base 
@® such that a > Toa. Then the following statements are 
equivalent: 
(ily) The set A meets every member of %. 
@) The collection nA generates a 
2 qviilter. 
(3) The collection @nA is a Big ee base. 
Proof: (1) implies (2). The collection $NA is 
non-empty by hypothesis since Gis non-empty. By (1) the 
Semipey set does not belong to bn hee ania lity Sc ewe ts eC hr Om 
of two members of EAA Delocwe.e, te % NA since ¥ is closed 


under finite intersections. Hence, by (2.3) the collection 


%§ M A generates a a) potlkesie- 


ify 








(2) implies (3). Since @is non-empty, the same is 
true of @nA. The empty set is not in Q@NA because Bc F 
and TNA eene race cama Re lveme Tieeinverse cy LOnmel sewG 
elements of @NA contains a member of @NA since the inter- 
section of any two elements of @ contains an element of @. 
(3) implies (1). Any Fe ¢ contains a Be@® by definition 
of filter base. Hence FNA is non-empty because FNADBOAA, 


and BNA is non-empty by (3). 


2.7 Lemma. Let ACX, 2 be a ring of sets, 3,¢ 2 A, 
and let % be a R-filter with base B® satisfying NA C A, . 
Tf BnAisa R ,-filter base on A, then QnA generates the 
after eM Ia Be 

Proof: Let &§ be the 8 ,-filter generated by BNA. For 
any Fe% there is a Be® such that F>B. Then FNA>BNA so 
that FNAE 4. Hence @NACH&. On the other hand, let 
Geey. Then there is a Be® ench that GOBNA. Furthermore, 
since a <¢ Rn A, there is a Ze such that G= ZNA. Hence 
ZNA?>BNA. Since 2 is a ring of sets, ZUB eR. Moreover, 
Z”B is necessarily in 6. Hence (ZUB)NA = (ZN A)U (BNA) = 
ZN A =Gis an element of @AA. That is, G°¢ nA. 


Therefore, N= BNA. 


The proof of the following corollary is immediate from 


@emo)) and (2.7). 
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2.8 Corollary. Let AcX, § be a ring of sets, 3, © Ro A, 


A 
and let be a -filter with base B satisfying Boa eR, . 


Tne following statements are equivalent: 


mm 


CID INGE SSI SOs Seley Wilemysie Cat ts. 


(2). The “collection, Giri 


| © 


By sta llicee base. 


(3) The collection nA oma Bee weiec 


2.9 Lemma. Let ACX and let 4 be a 2 yg eiicldlinier such that 
for every Ged) there is a Ze such that ZNA = G. If for 


every Ze that contains an element of Hit is true that Zn 


> 


ie ee ST ee ee —— 








belongs to &, then there is a 3-filter @ such that ®na =A. 
Proof: The collection @= { Ze%: Z22G, Ge¥} is non- 

empty because NW is non-empty and for each Ge there is a 

ZEX with Z > G. The empty set is not in € since ¢¢H . If 


Ly s45€ %, then there are G, G58 such, LNaue— sua ranGua~. > Gan 


. il 1 2 2 
Hence ZN 2.2 G,NG. so that 259 Z5€ Et. Furthermore, ian 


1 2 aL 2 
element of & contains an S1eMeee of F 5 1G. MUS Os .COMuanman a 
member of § and thus also belong to &. Hence, %¥is a 3-filter. 
Now, if Ze% then Z>G for Bae Ge. Then by hypothesis, 
ZnA ecg. Hence EnAcH. On the other hand, if Ge# then there 
is a Ze% such that ZNA = G. Hence Zet by definition. There- 


ferme CLoA=f4 . 


eoLO toro lary. lf A Seerond ifeeeis a” kn A-ftiger, then 


moere exists a % -filter ¥ such that nA =H. 


ig 








Proof: For each Ge there is a Ze% such that Za =uce 
and for each Ze it is true that Zn AeRNA. If Ze% contains 
a member G of 4, then ZNA>G implies that Zn A is an 


element of & . Now apply (2.9). 


A 2-filter Wis called a 3-ultrafilter provided it is a 
maximal %-filter with respect to the partial ordering of 
fe inclusions in the colliectiton of all 2=filter°on xX. In 
Bimer words, if Bis a %=filter containing U then F= U . 


meee tOllowing result carries over from Bourbaki filters. 


2.11 Lemma. Every R-filter is contained in a -ultra- 
fPeiter . 

Proof: Let G be a R-filter and denote the collection of 
® -filters containing % by Ol. Then G(X) is partially or- 
dered by set’ inclusion. If @ is any chain in %(X),¢hen the un- 
ion véof the %-filters belonging to 6 also belongs to i) s This 
assertion is established as follows. First, vo is non- 
empty because ® is non-empty. Also, ¢g Ue because the empty 
set does not belong to any -filter in 6. Next, for any two 
elements Z4 and Z of vu there are filters ¥ and YJ in 6 
such that Z,¢% and Z5eM. Since @ is a chain, it may be 
assumed without loss of generality that @¢W. Hence 2, Z, 
memones to 4 and therefore also belongs to vo. Finally, for 
any Ze which contains an element Zie UO; it is the case that 


Z belongs to the ® -filter F satisfying Z,e% and Yeo . Hence 


the set Z is in vo. Thus every chain 6 in EX) has an 
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upper bound in %€(X). By Zorn's Lemma the collection EX) 
has a maximal element U. Suppose a 3-filter & contains VU. 
Then & must contain '$ and hence belong to CX). Since Uis 
maximal in %(X), the %-filter’Y must be precisely VY. 
Therefore, U is a %-ultrafilter which contains $ which 


completes the proof. 


2.12 Lemma. Let 3 be a ring of sets such that Az, let 
a, ©8 A A, and let €be a R-ultrafilter satisfying 
% Mack. Then Yona is a 9,-filter if and only if ac®. 
In this case EnA is, in fact, a R,-ultrafilter. 

Proof: The set A meets every member of % because $nA is 
a A,-filter. By (2.4) the collection Fu{A} is contained in 
a A-filter 4. But ¥is maximal so f=. Finally, Ae 
because Ac §}. Conversely, if Ac} then A meets every member 
of ¥ so ee Van is @ a,-filter by (2.8). Now suppose there 
is a R,-filter A containing A and let Gef. By hypothesis 
there is a set Ze such that ZnA = G. For every Fe€ the inter- 
section (FnA) N(ZNA) is non-empty because FnA belongs to Y. 
It follows that Fnz#@. Once again (2.4) may be applied 
Son chat Ful Z} is contained in a A-filter “i. Nswbettore ae 
follows that '$=Vso Ze'G. Therefore, ZNA = G belongs to 
EnAso H= ENA. It then follows that YaA is a g,-ultra- 


ieGer . 


Recall that a space is compact if and only if every family 


meee tosea sets with Che finite intersection property has a 


raul 





non-empty intersection. If A is a collection of closed sets, 
hor example thie WZeRe-seveemec follows that X will be compact 
only if each R-filter Dis such that n{ Fe Teac 
because $ has the finite intersection PEODCrCY jam miscme@ a ete ae 
mom leads to the next.definition together with the lemma and 


eerollary which follow. 


Bi3 Definition. A R=filter & isvsaid to be fined 
provided A{ ZeX: ZeF}#H 3; otherwise, Gis said to be 


free. 


2.14 Lemma. A Tychonoff space X is compact if and only if 
every zero-set-ultrafilter ( Z-ultrafilter) on X 1S ett 

EGooies Since any Z-ultrafilter Wis a collect iongot 
closed sets with the finite intersection property, U must be 
fixed whenever X is compact. Now, suppose that every %Z%-ul- 
trafilter is fixed. Let —& be a family of closed sets with 
the finite intersection property. By (1.1) the zero-sets are 
a base for the closed sets so that each member of % may be 
Represented as the intersection of a collection of zero-sets. 
Let @= { Ze Z(X) : Ze{Z.e (00) 3 Nei tie ees 
c= n{ oy : AcA-}for some CeB . Now let @’ consist of all 
finite intersections of members of 8. The collection @/ is 
eue;—-tilter base. This assertion is true because the finite 
intersection property of ~ together with the fact that each 
member of ® contains an element of € imply that 0! is a non- 


Empty collection such that d¢ 6’. Moreover, by the construc- 


/ / 
Gwion of a! the intersection of two members of @ is in Ga 


Be 








mhen (2.3) may be appli cada ieee lieve. tae g! is contained 
in some @-ultrafilter Uwhich is fixed by hypothesis. 
minally, At C »C ¢ £ }4a¢@ because Ite ae ow) mete cies 
jee 2(X) = ie (he je ole ee. OX) eo Zomen) = a Ne cere 


mich completes the proof. 


2.15 Corollary. A *. chonoff space X is compact if and 
only if every @%-filter is fixed. 

Emoots Une prool simpllys consisvs sof Usime (Cc. lvoseu inert: 
Mieinecmne tact that every G—-filter is contained in 2 


fmm UlCrafiliter. 


im Section 1 the Walilman cempactification was diseussed. 
Observe that the collection w( 3) mentioned there is actually 
the collection of all %-ultrafilters on X where 3 consists 
en ali the closed subsets of X. Moreover, the function f from 
X into w( 2) defined by f(x) = { Ze: xeZ } clearly maps each 
Pet of X into a fixed %-ultrafilter. 

As has been noted, Frink [10] generalized Wallman's 
Meviod to obtain compactifications of arbitrary Tychonoff 
spaces. His approach was to impose certain properties on 
R << P(X) that are analogous to those enjoyed by the 
eoblection of closed sets in a normal space. It is then 
possible to make W( 2) into a compact Hausdorff space such 
mre the points of X can be naturally identified with the 
fixed 2 -ultrafilters. Furthermore, it can be shown that 


w( 2 ) contains a dense homeomorphic image of X. 
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When X is a I) space, each point in % is a member of the 
eollection of all closed sets. Moreover. 1 fee anda ace, 
4S a closed set such that x#Z, then there is a closed set 
Gaamely {x}) suehethat {xii Zz = $6. These facts are used in 
the Wallman compactification to show that for any xeX the 
Poldection { Z : Z4 is cllosed, xez } is in wl 4). Bais 
observation motivates the introduction of the following con- 
@epts which enable a similar result to be obtained for a more 


arbitrary x : 


2.16 Definition. For a non-empty set X, a non-empty 
collection 2 <fP(X) is said to be R&-disjunctive if for each 


set Ze and point x&Z there exists a Zee such that xeZ, and 


1 
Z Ny Za = (oy If X is a topological space, then R is said to be 
Seeyunctive in case for each closed set F CX and point x«@F 


there exists a ZeR such that xeZ and ZF = $ 


Note that if 3 is CesiUneudve COlMleclLIOnN Of closed. ceus 
Ome then % is X-disjunctive. It is clear that in a T, -space 
the collection of all closed sets is disjunctive as well as 
Q -disjunctive. The collection @(X) of all zero-sets on a 
ieeemonorf space X 1S disjunctive and since such sets are 
closed, %(X) is also R-disjunctive. Also, note that the 
power set of X is %-disjunctive, and if X is a T,-space then 


Mm pOWwer set is disjunctive. The importance of these results 


is revealed in the following propositions. 
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2.17 Lemma. If the collection 3 is %3-disjunctive then 





Rom any Olt ee Une coll eialarm %, Se OS Scopes 


ai axed R-ultrafilter. Throughout the eeematnder ot seis 


A i ee 
a Re em 


ee ee er ee ee 


paper the notation ae will refer to this particular 


 -ultrafilter. 


Proof: Let Z&% and suppose 2Z2§ Lae Then x¢Z so there 


exists a Z,e2 such that xeZ. and ZA aT =% by the 


I 

R -disjunctive property. It follows that oe is non-empty. 

iiiescmpty set 1s not in ta Because (tne spomir cbc lon tasi@ 

every element of v,° The intersection of any two members 

Ot oy Convio ene VOM xe and  Cnerehore Celones. vo Cae 

For any Z€% that contains an element of ce the point x 

Mec Delong to Z and hence Ze gee Clearly xen Zen ce b} 
Now suppose that 98 is a R&-filter which contains to ay 

Bis a mene of 4 and B¢ oe PieW sccm Ne imiCes tice mins aa 

ZEX such that xeZ and an B : g. Thus, Z belongs to Sy and 


Memiece to # . This contradicts the finite intersection property 


of WH. Hence Y= AS which completes the proof. 


2.18 Lemma. Let the collection 3 be %-disjunctive arid let 


——<—_———— 


for some xeX. 

Proof: Let Ube fixed and let xen{ Ze: ZeU}. Since & is 
R -disjunctive, %, is a R-ultrafilter. For any ZeUthe point 
mer sO that Zeb. iG, tellows thar the fie Hence U= %, 
emcee Wis 4 x%-ultrafilter. The proof of the converse is 


immediate. 


a 








Whenever 23 is %-disjunctive or whenever % is a dis- 
munctive collection of closed sets. the vasseeiorrcnmeos eo 
point xeX with the 3% -ultrafilter sta in w( 3) seems quite 
magural, if this assoctation is to be used to celinesa 
mapping which embeds X into w( 8), then this association 
must be one-to-one. These considerations motivate some of 


the definitions which follow in the next section. 
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TIT. CONVERGENCE and COMPACTIFICATIONS 


The cencept.of, The convertencevof sb onri aie hee ies eere 
equivalently that of the convergence of nets, pllays a majicr 
eke in the scvuagy ol convinui ty me conpacuness elds ted 
compactness. The idea of A-filter convergence is utilized 
in obtaining Wallman-type SAGER and realcompacti- 
imeaerons. this section examines the convergence properciecs 
of % -filters and exhibits the results that are useful in 
moeaining these compactilications and realcompactifications. 


Recall that ® is always closed under finite intersections. 


mmr mm te eee 
ommrne  te i  eeeeme ee ee 


pe Detfinitien. ~Letwea be a x-filter base om a cope— 
meereal space A and let xex. The point x is Said to be a 
limit point of 6 in case for every neighborhood N(x) of x 
there exists a Be@ such that BeN(x). In this case @ is said 
Memeconverse to x. The point x 1s sald to be a cluster polny 
of @ if for each neighborhood N(x) of x, N(x)nNnB#6 #£xfor all 


Be @. 


Mhe easy proofs of the following facts are omitted. if 
% is a 8-filter with base @ , then the point xeX is a limit 
Boum: (respectively, cluster point) of @ if and only if x is a 
limit point (respectively, cluster point) of ®. Let % and YW 
be 2-filters with cH. If the point xeX is a limit point 
meee. Chena 1s a. limet point of “ff. Also, if xis a cluster 
meme Of i, then x is a cluster point of &. aliens eer 


fixed %-filter has a cluster point. 


‘eat 








Recall that the collection ot sal netehpornhoes mole 
Bivyen point xX ds as bourbakie fa ven. Therefore, in inne Nelo lay 
oi Bourbaki filters, there always exes v2 Sourba ei eleew 
eomvercing to tne polnt. x [Gr any XX wee Owe Ve wet poms ete 
necessarily the case for %-filters. 

Consider=vhe real umbers Unde tav ne G1 Sere ues Ojmorno ca 
Let x and y be real numbers and let &% consist of those sub- 
momenot tne reals thagvecontain both of the points x and y. 
The collection 8 is closed under finite intersections. Now 
let € be any 2-filter that converges to x. The point x is 
itself a neighborhood of x and so there must be an Fe® such 
that Fe{ x }. But the points x and y belong to each Z&% 
Mmfem 1S a Contradiction. Henee, there does not exist a 
2 -filter that converges to x. The following concept elim- 
Maaces this situation. 

3.2 Definition. For a topological space X, the collection 
meets called a local base if for cach pOrne, Kerwand ecacu 
neighborhood N(x) of x there exists a Ze such that . 


meminey 2 CZ CN(x). 


Observe that the power set of X is a local base under any 
topology on X. It can be shown that if X is a Tychonoff space, 


the collection of all zero-sets is a local base ({11], 3.2). 


am 


cme Se ee 


erm ee ee ee 
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Proof: Let Ze and xaZ.  “Unen 6 N 2s eopenm ance Oe 
By the local base property there is a Z,€3 such that 


Xe int Z,¢ Z,cX NZ. LG then fedidiowesthateez NZ, =O ms etaliiets 


Meets disjunctive 


3.4 Lemma. If % is a local. base on a topological space 


mmm ep ee ee 


Paani XeX, then V(x) = { ZeRz Z is 


[ 


neighborhood of x } 
mene % -filter converging to x. 

Proof: The collection U(x) is non-empty because by the 
local base property there is a Ze such that xeint ZZ ¢X. 
The empty set is not in W(x) because x belongs to each member 
ey (x). het Z and Z. belong to v(x). it follows that 


al 
mae ant Z) A (int Z,) C42N2Z,. Then ZZ, 1S Mm Woe) Ss nce 
@mt Z) a (int Z,) is open. It also follows that if Ze and 
me. 6 whereBe (x), then Z is a neighborhood of x. Hence, 
v(x) is a 2-filter. Finally, let N(x) be any neighborhood of 
heme nen there is a Ze Mich Cate ee tes SC 7 CNGe) une sew 


yest also be in v(x) so that x is a limit point of V(x). 


The collection v(x) is called the &-neighborhood filter 
associated with the point x. The next result gives additional 
information about the %-filters which converge to a particular 


point and is used in later work. 


Sepmbemma. Hor auvepolecical space Xx, let 8 be a local 


tle 





Pease, let be a &-filter, and let xeX. The following 


statements are true: 


——— 
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(1) The point x is a limit point of Gif and only 


ce mam mm eee 


2) ne: POtny xX iseas-ciuster oes tl t sical and only 


if there exists ya R-filter HW converging to x 


and satisfying Gey. 

Proot: (1) Let x be aglimig. pointmonepeandslerme4e coe 
The set Z is a neighborhood of x so there is a set Fe% such 
that FcZ. It follows that Ze %. Hence, v(x)¢ F 
Conversely, let W(x)e¢ FE and let N(x) be any neighborhood of 
home By the local base property there is a Ze satisfying 
met 2C2CN(x). It follows that Zet(x) so that Ze s. 
Hence, %& ConVvewecs. . Oo. 

V2je Let x be adecivster point of % and consider 
feet BeR: B= FNZ, Fete, Zevl(x) } . The collection 6 is 
non-empty since ¥F and v(x) are both non-empty. The.empty set 
is not in ® because x is a cluster point of ¥ and the elements 
of W(x) are neighborhoods of x. Moreover, since % and 2?(x) 
are closed under finite verse c GilOmMo ne Omle marie sie Inchowme tate 
for ®. By (2.3), ® generates a 3-filter HW. It follows 
that €<¥Y and U(x) cH. Also, by (1) above the point x is a 
limit point of MW. Conversely, let €¢¥Y and let x be a 
imc point of 4. Then x is a cluster point of 4) and hence 


a cluster point of %. This completes the proof. 


A question which now naturally arises is whether or not 
ee A-filter has a unique limit point whenever a limit point 
fmous. AS One Mignc Expect, the answer as aliirmative Tor 


Hausdorff spaces. 
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3.6 Lemma. If the space X is Hausdorff, then %-filters 


which converge havesuni que MeimiG pomn ts a) emo onic ie mes 


pti Ee A mm me ee 
Ce erticereeeee ttn re ee eee ee 


A BS ah Re a at i 


Broot. Lev Aspect Haus@ortt “an@eket Che points <a 
be distinct limit points of a 3-filter $. Then there are 
neighborhoods N(x) and N(y) of x and y, respectively, 
satisfying N(x)N N(y) = @. There exist Leet such that 
F) © N(x) and BF, CN(y). Therefore, the empty set belongs to 
™% because FIN FLO N(x)n N(y) =@ which contradicts the finite 
intersection property of %. Thus no R-filter can converge 
memewo distinct points. 

Now, assume that 2 is a local base and that 8-filters 
Meme converte have Undue limit pOINUS.  soUppoese Chere are 
Mmiondistines points x and y in X satisfying N(x) A N(y) Xs 2 
imerrall neighborhoods of x and y. It follows that x is a 
cluster point of the BAT eNboLhoodeaticer Vey). Hence, by 
(3.5(2)) there is a 8-filter FY such that x is a limit point 
of t and uiy)e F. However, from (3.5(1)) the point y is also 
eeelamit point of ~ which TSoea CONnLradrerlon. »lLheroreres vere 


are neighborhoods N(x) and N(y) of x and y, respectively, such 


that N(x)n N(y) =@ which completes the proof. 


Observe that for a Hausdorff space X, if a 3-filter 7% 
memverges CO a point xeX, then x is the only cluster point of 
% . Otherwise, some -filter which contains ~ would have 
Mmomdisuilcl lamit points. Lhe Pollowineg corollary .,elaves 


inimit points and cluster points of %-ultrafilters. “The proot 
hollows from (3.5(2) ). 


Sul 








3.7 Corollary. thet & be a local base for a topological 


Sa mmm a ea 


space X and let %be a A-WiUrati Ger ir ope eer 





cluster point of U if and only if x isea Limite poiiemore 


ee nn ee 


Another natural question to ask is whether or not two 
distinct §%-ultrafilters can have a common cluster point. 
jee next two examples illustrate nee Beeeesacrat Bourbaki 
meerottL vers Can andeed have common cluster poamats. 

Let N* =N vu { ~ } denote the one-point compactification 
of the natural numbers MN. Let IE and ID represent the even 
and the odd integers respectively and let 3 be the power 


set of N* . it can be shown that the two collections 
% Ak 
% > 


filters. Then 1 and % are contained in Bourbaki ultra- 


ey CN NAS “Grnite: |) wand 


iH 


{ Ze 2: ( N*®\Z)nID is finite } are both Bourbaki 


iPmelcers U, and U, respectively. Moreover, U, # Up 
Peeause the collection-of all even integers is a member of 
UU, while the collection of all odd integers is a member of 
UU. « Furthermore, both %, and Eo contain b(~). Hence, the 
Poumt ~ is a limit point, and so a cluster point, of both 
“U4 and U, : 

As another example, consider the real numbers under the 
indiscrete topology, let ® be the power set of the reals, and 
Het y be any real number. Then for each real number x, the 
Bourbaki ultrafilter cr converges to y and hence has y as 


emmeluccer point . 


Be 








The next results reveal that the use of 3-filters for 
a suitable collection 4 e6liminates the above situation. 
It is clear that the point x 15 a CiUSster coin ol sche 


fixed -ultrafilter %,. whenever = exists (See (2.17)). 


3.8 Lemma. Let X be a topological space and let 3 be a 


mm me ma ee 


Seemct ive collection of closed Ssubserseot A. Uneomoonn 7x 


a EY 


ee mr mr ee ce 


ea eanal 


Guster point. 

Proof. Let x be a cluster point of G and suppose that 
there is a Fe% such that F¢ €, . Then x¢F so that X\F is 
a neighborhood of x. It follows that FN(XN\F) = 9% which 
meacrradicts the hypothesis that x is a cluster point of % . 
Therefore, €c The Conversely, if eb, then x is a 
elustver point of © because x is a cluster point of ce 


Finally, if Yis a 3-ultrafilter with cluster point x then 


clearly }F= %,. : 


the proof of the following corollary consists of applying 
23), Can) and (G38); 


cement ee a pm ome es center 


local base consisting of closed subsets of X, then %, is the 


unique R-ultrafilter converging to the point x. 


Winer Cy UE By Gls UME SECU LOC Gaol Ole Gliesicl iS wisi aig aks 
now clear that the map which takes each point xeX into the 


% -ultrafilter %, is injective. After it becomes possible 


9: 








to make w(%) into a Hausdorff space, this map will be a 
suitable candidate for embedding X into w( 8). Recall that 
Wallman used the collection of all closed subsets of X for 

nes compactification.. The fact that he could apply sie norma 
eeparavion axiom to his distinmeuisned collection ecnavted san 
memes vablish a Hausderfi topology for the space of ald 
ultrafilters of closed subsets. By defining an analogous 
property for the collection %, the collection W( 3) of all 

% -ultrafilters can be made into a Hausdorff topological 


space. 


BeO Definition. For a non-empty set X the collection 


2 is called normal in case for each pair Z Z5€ R satisfying 


Ike 


Cie a Silche phate NC 2 eCNe 


Se a. Sly Vigveices Weert 2 0, 1 1? 40 D 


1 
and (XC) 9 (X\C,) = # 


Ihe 


It is easily seen that the power set of X is a normal 


eemiicction, if xX*is avtychonoff space, it can be shown that 


a er eS 


M@emcollection of all zero-sets is normal ([11], 1.15). Also, 
aif A is a normal space, the collection of all closed subsets 
Gime 1s a normal collection. 


The following lemma from ([33], 1.3) characterizes 


®R -ultrafilters for normal collections. 


fa.) Lemma. If 3s a normal collection and ii 1s is a 


mem ee 


me —-iilter, then the following statements are equivalent: 


menses perp mg ct et ee 
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(1): Mets =fiicer Rok) a R-ultrafilter. 


(2) Mor each Ze3S . 21 FX Geter sete ho Demo te 
that Ze ¥ . 


es eng creole As 8) 5 Salinlonet= Ze G or theres exekeiis 
a Zje% such that Z2,°XZ and Zc. 

Proof: “(l) aimpldiess (2) Wet@aen Satieat sic alee mon: 
el het. By (2.4), Gu {Zz} is contained tmeas 2etileer 4” 
Since € is maximal it follows that t= Yu{z}=W¥. 
mMemce, Z bellongs to F . 

Co einplies (3). Let aes and Z¢ %. By the hypothesis 
there is a Fe¥ satisfying ZNF =%. Because 3 is normal, 
there are C,5C,,€3 such that Z¢XNC) , FEXNC, and 
(XNC,) M (XNC,) =%. Then FCC. and so Cie B. Furthermore, 


al 
C,OXN GZ. 
(3) implies (1). Suppose there is a 3-filter 9 that 
pPeoperly contains 7c. Poemmehere isa Ze, suchmihar Ze %. 


By hypothesis there exists a Z,e3 SElmilenieievea A NS etal 


i) 
Ze %. It follows that Z,e4 and ZZ, = 6 which is a 


contradiction. Therefore, %is a 8-ultrafilter. 


Ne@iice suhar (3. !r a )yeimplies (2)) docs not redutre phe 
normal property. This observation will be useful later. 

The theory that has been developed thus far in this 
manuscript has been achieved primarily by placing restrictions 
on the collection &. These restrictions were largely moti- 
wabed by properties of the power set, zero—sets in a 
Tychonoff space, or the closed sets in a normal space. Next, 


it will be helpful to consider certain types of %8-filters. 


55 








Let € be a Bourbaki filter and let A and B be subsets 
of X. It is easy to show that $ is a Bourbaki ultrafilter 
if and only if whenever AUBe®% then Ac¥ or Be¥. However, 
this result is not true for %-filters as the following 
example illustrates. Let X be the natural numbers and let 
pee- ( {152}, (2,37) (el) 11,2,3),¢) whieh@is @ eine or 
sets. Then $= { {2,3}, {1,2,3} } is a 3-filter satisfying 
Ac% or Be% whenever AUBe%. But ¥ is clearly not a 
RQ -ultrafilter. These observations motivate the next 


fey ia1t ion. 


3.12 Definition. A 2-filter Gis said to be prime in 


case A, Be and A UBe% implies Ac% or Be®@. 


3.13 Lemma. If Wis a 4-ultrafilter, then Uis prime. 
Meoot: het AUBeWand Agu. Then by (3.11 (1) impdies 
@eeechere is an Fel) such that ANF =@. It follows that 
BNF#@ since F N(AUB)#O - woUppose ee Then there is 
a ZeU satisfying ZNB =¢. A contradiction will then be 
reached because (FNZ)N(AUB) =¢ would belong to U. There- 


femee. either Actor BeU. 


emp hp gel A ee 


mpm i reat em ee eee 


2 -ultrafilter. 
Proof: Let § be a prime %-filter. By (2.11) there is 
a -vltrafilter Ucontaining €. Now suppose % is contained 


in a %-ultrafilter U, where U#Y, . Then there exist AcU and 
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Be Uy such that ANB=@ as a consequence of (3.11 (2)). 

By the normality of 3 there exist C, Coe satisfying AcCX C,, 
BCXNC, and (X \C)) (Xx SO) %@. It then follows that 

Cc, UC, = X. Since A is a ring of sets XeR so that CW Gye 
Without loss of generality, by the primeness of % assume 


met. Then CjeUand since ACXNC, it follows that the 


AL 
empty set is in U which is a contradiction and therefore 
completes the proof. 


The following lemma from ([33], 1.3) investigates the 


convergence properties of prime %-filters. 


Seelo Lemma Let Agbe a T, -topological Space and let 


mmm imeem ti et ee 


of X. If xeX and if ¥is a prime Y%-filter on X, then the 


en eee 





following statements are Solana Leta = 
| (alk The point x is a cluster point of ae 
(2) hie 2 -filter % converges to x. 
(3) at{F: Fe G} = { x }. 

Mecolwe let. xX DeNcmcinisvct poinv. om %. Then Kenia we aoe 
Because x must be in the closure of each Fe% and the members 
of are closed sets. Now let N(x) be a neighborhood of x. 
By the local base property, there is a Ze% such that 
Xe int Z<¢Ze¢cN(x). Hence the set XNint Z does not contain 
the point x. Since % is a base for the closed sets, there 


exists a Z1e% satisfying X\int Z2¢Z, and x¢Z,. Hence 


it 


eG ince wer Theretore. 2.4%. However, Z,UZ = X 


mee XNZ 1 


ii 
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belongs to $ because Xe whenever 3 is a base for the 
elosed sets. Hence, by the primeness of % the set Z belongs 
to &. Therefore ¥F converges to x. 

(2) implies (3). Let % converge to x. It has already 
bec observed timau Keir + Fe G }. SUS CIOS re Ee Fe F} 
anG@ yx. Since X is a T,-space, the Set Xia es 2 
neighborhood of x. It follows that there is a Ze@ such 
man 2Z6XN{ y }. fhe hypothesis that yenf F : Fe %} has 


thus been contradicted. 


ine tact that (3) implies (1) is immediate. 


ie Last result sugeésts the possibilityethat when a prime 
Q -filter ¥ converges to a point x then Gis equal to the 
eeu lcrafilter %,- The following example illustrates that 
meeoeis not necessarily the case. 

Let X be the real numbers under the Euclidean topology 
and let R= {Z=ecl1lZe P(X) : O is not an accumulation 
peame Of Z and on the boundary of Z }. Notice that the only 
closed intervals that do not belong to 8 are those which have 
Wiacean end point. The collection % is shown to besa ring 
of sets as follows. Let Z,s25€ 2% . Now suppose O is an 
seeumulation point of 2,9 Ly. Then ol One Very anes wOmnood 
Neo) of 0, N(O) Nn ((Z, 9 Z5) \{0})#% must hold. It follows 
teas 0 is an accumulation point of both Z4 and Z., so that 0 
Memon On the boundary of either Zy or Zo. Mieretore ..0 is 


not on the boundary of Z2,NZ,. Thus for any Z4.Z5€3 : 


Z,% Zoe R . Next suppose 0 is an accumulation point of 
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Z,UZ., where Z,,2,€ %  . In the following argument it is 


sufficient toseonsidersonlysopen Ante wees we leeUmstnes 
the open intervals fourm a base for tiewepenmsets ~.) btw Omas 


emeaccumulet ons point Ol 67 then O0& int Z, by the way the 


ih? 1 
® sets are defined. In this case, 0 is not on the boundary 
of ZV Lo. Onet he sOtmeirsihaad ik O as notwannaccumilLeat ion 


point of Z, then there is an open interval N(0) about O such 


i) 
that NCO) N (2, \ {0}) =%. It follows that 0 is an accumula- 
mon pont of Zs aici sant. Ct tne boundary of Z,VUZ.. 
Hence for any Z,,Z5¢ Q , Z,U Zoe Rg. 

Moreover, the following argument shows that 3 is a local 
mease. To see this, observe that for any point x and any open 


faperval N(x) = (x=—a, xtb) about x, the closed interval 


Z = [x-a/2, xtb/2] belongs to % unless x-a/2 = 0 or 


pbp/2 = 0 and xe int ZE©ZCN(x). In case an endpoint is 
equal to 0, then Z, = [x=a/3, x+b/3] belongs to QR and 
xe int 2,¢2,¢N(x). Therefore, 8 is a local base. 


Next, it will be shown that 8 is a base for the closed 
sets. Since any closed set F is the union of a collection of 
men—ovyerlapping closed intervals, F belongs to R oneontabolero, 10 
momnec an End point of one of these closed intervals. Suppose 
F is the union of a collection §% of non-overlapping closed 
intervals where [0,b] belongs to this collection. Then 
tee C : CeG}\[0gbJeR and, since, [-1/n,ble% for each 
neW and [0,b] = af [-1/n,b] : ne WN } , 

N{ (u{c : Ce$}N[0,b]})U[-1/n,b] : neN} =F. Hence, 


2 is a base for the closed sets. 


oh, 








FUPENEriOre ume colle cide %= { Ze % Hee OvomellioWenas fais 
a prime %-filter converging to 0. To see that @ is prime, 
let A,Be 8 with AVBeG . Hence, Oc int (AUB). Without 
loss of generality, let OcA. If Oc int A, then Ac G. So 
sempose O¢ int A. Then 0 Can not be an accumulation ypoine 
of A by the defining properties of 3. Therefore, there is 
a neighborhood N(0O) of 0 disjoint from AN{0} . Also, there 
is a neighborhood N, (0) of 0 which is contained in AUB 
because Oc int (AVB). Then NCO) AN, (0) CAUB. lewee lows 
that N(O)NN,(0)¢B so that 0c int B and Be@ . Hence is 
prime. 

However, ‘GE U{ 0 } clearly generates a a -fi ver that 
pieoperly contains %b. 

ae ellsitencute: \—mluers form another special class of 
R -filters. A %3-filter % on a topological space X is called 
clusterable in case € converges to each of its cluster points. 
This notion has been investigated Tal Lovsidig ls 8) elael 28 
useful in the study of compactness for uniform spaces. How- 
See cniere 15 no special Ciieory COmcetdal panes > %-filters 
and so only their existence is mentioned here. Observe that 
every prime %-filter is clusterable. 

memeoraiily ., vie 2overseclLion Of a collecciom oo! members ot 
a -filter € does not belong to $ when there are more than 
marvel y many edkements in the collection. For instance, the 
proof that \ was a base for the closed sets in the last 


example revealed that the intersection of a countable 


ule 








collection of members of $ need not even be an element of Q : 
in fact, the intersection ofecountasiy mamijeelenenias om 

% may be the empty set.) Let 4 be Thema turdg eam etesmane 
consider the Bourbaki filter = { Z ONO) ON aS 
finite }. Then X \N{n} belongs to ~ for each ne IN and 

fee X\inle F : neW } = oO. 


3.16 Definition. A %-filter Gis said to have the 
countable intersection property in case the intersection of 
every countable collection of members of $ is non-empty. The 
& -filter ~ is said to be closed under countable intersections 
Mmmmeaae the intersection of every countable collection of 


members of % belongs to %. 


Recall that in Section LT realcompact spaces were defined. 
fie following equivalent formulation is more useful in con-— 
structing realcompactifications. The proof is omitted (See 


fee, 2-5-1). 


a 


3.17 Lemma. A Tychonoff space X is realcompact if and 
only if every zero-set~-ultrafilter on X with the countable 


tummies 


Pimbersecvtion property is fixed. 


Observe from (2.15) that every compact space is realcompact. 

When 2 is a local base, the 32 -neighborhood filter v(x) 
provides an example of a %-filter with the countable inter- 
eeerion property that is mot closed under countable inter- 
sections. However, the following lemma proves the equivalence 


Smevirese Concepts under certain conditions. 
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3-18 Lemma. If 3 is closed under countable intersections, 


a mm re 
em aa a A hg Seman pa 


ee eerste Societe mentee Seema peg ere 


Proof: Let Ube a 3-ultrafilter with the countable 
antersection property. het % De a2 COuNMvad ewcol lee men cl 
members of ‘ and denote the intersection of the members of 
beeby Z. For any Ac&Uthe collection G€U{ A } is still 
eeumtable so that ZNAFG . By (2.4) the collection Wu{ Z } 
generates a 3-filter €. It follows that U=% ana 
ZeG=U. Hence U is closed under countable intersections. 
fiveets clear that if Vis closed under countable intersections 
taen it has the countable intersection property because the 
empty set is not in YU. 

ine proof of the next Lemma, which provides an example of 
mmecalcompact space, is omitted. it may be found in ({33], 


Bee ) . 


> 


3.19 Lemma. A Tycngm@ort space Xeis Lindelot if gana only. 


iumevery zero-set-filter ( Z-filter) on X with the countable 


tieersection property is fixed. 


Hence, when a space X is Lindelof every @-filter, and 
in particular every G%-ultrafilter, with the countable inter- 
section property is fixed and so X is realcompact by (3.17). 
Hence, every second countable Tychonoff space is realcompact 
momis every separable metric space. In fact, every subspace 


of a Euclidean space is realcompact. 
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In view of the above results @ Mature souest tones 
is whether or not an arbitrary 3-filter with the countable 
intersection property can be embedded ina &%-ultrafilter 
meth the countable intersect 1onyprepe rt) sei nee amo hemnine tc 


such an embedding cannot take place is given in([33], 2.8). 


Briefly, the set of all real numbers X is made into a topo- 
feereal space i by defining a base for the open sets to be 
the intervals of the form (a,b] = { xeX : a<x< bj}. It is 
Shown that the product space E x E. HS realeconpace Oue 

not Lindelof. Suppose every @-filter fen the countable 
mawersection property is embeddable in a ‘Z%-ultrafilter with 
Poemeounvable intersection property. Since BE! x E, is real- 
Compact, it would follow that every Z-filiter with the 
countable intersection property is fixed. Then by (3.19), 

BE’ * E is Lindelof which is a contradiction. Hence, such an 
emecaaing is not generally possible. 

The introduction of the following concepts will allow for 
faemean embedding in the case of prime R-filters. Moreover, 
WMeremeollection of zero=sets on a Tychonoff space enjoys these 
Peemervcics, Both ideas will be incorporated into a stronger 
notion which turns out to be useful in the Wallman-type real- 


eempactification. 


3.20 Definition. A non-empty collection % is said to be 
a delta ring of sets in case 3 is a ring of sets that is closed 
under countable intersections. The collection 3% is said to be 
complement generated in case for each Z€% there exists a 
sequence { C : ne WN } of complements of members of , satisfying 


= {Yt Cs : nelN } 
3 








The following lemma is due to M. Weir and is Theorem 


crea Ot: Gissule ieee oe 


3.2], Lemma. ~2 3 1s a.delta sine seie sc ucmoum. that is 


unique %-ultrafilter with the countable intersection 
baeoperty. 

Proof: Let $ be a prime 3-filter on X with the countable 
intersection property. By (2.11) and (3.14), € is contained 
in a unique 8-ultrafilter YW. Suppose there exists a 
countable collection { Z : neN} of members of U which has 


empty intersection. Then the family { X\Z : neN} is a 


countable cover of X. Since % is complement generated, for 


each ntN there exists a sequence { Ch i: igN} of complements 
t ‘ > 
of members of R such that Z, = ant C, , : ieN}. It follows 
: p) 
z , 2 / e 
that X = U{ xX NZ, > neN } Un ew UieN erie where seach Zi x 
and Shem a ae ot oe . Then (after suitable a 
> 


maemcountable collection { z, : ne IN} covers X. For each 


nefN , it is possible to select an index i such that 


BEX NZ, . Since 2 is normal, there exist Z 


n 
fane 2° Goo S.7. 


1225e2 Saiedicws 


1 > 25 cXNZ, and (XNZ,) A(XNZ,) =o it 
n 


follows that Z,UZ, = Xena that each Of Z4 and Zo can meet 


/ 


omey One of the sets Zh and Zs . Since % is a ring of sets, 


n 
it also follows that Xe 2 . Hence Xe% so that by eae prameness 


of %, Bet where Ba = Zy or a = Zo. Moreover, Be U so that 


yy 








ee 
BS a a4 op , Hence BLA Z. = 


= Le 
must hold. Therefore BO : nN} c A XNZ : nN} = 
The countable intersection property of % has thus been 
Ponvcradicted. Therefore, thére dees not exist== countable 


supeollection of YU with empty intersection. 


ociee that (seed) is valide foruthescol lectlonvouszenoe 
eevs on a Tychonoff space. | 

ie studying the pxmeblem associated with obtaining 
temoaorif compactifications of an arbitrary Tychonoff space, 
Frink [10] generalized Wallman's method by using the following 


Ganmcept. 


3.22 Definition. Let X be a topological space. The 
collection is a normal base on X in case 4 is a ring of 
seus that 1s disjunctive, normal, and a base for the closed 


sets. 


lees clear that imsa Tychonoff space xX the collection 
fm) of all zero-sets is a normal base. 

For a normal base 8 on a Tychonoff space X, Frink made 
Mee collection w( 4) of all X-ultrafilters into a topological 
meee in the following way. Mhe collection of all sets of the 
form Z” = {Bew(%) : Zeb} for Ze is taken as a base for the 
wmmased Sets. To see that these sets form a base for the 
emo@ced sets, it is Paeouene GO) leon wins Tee Ile cw beta ike 


ellosed under finite unions. If Ye(ZU 25), then Z,€% or 
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Ze % s Ieprollowseunaer Z,\ Z.¢% so that Fe (Z, UZ,)° Ales: 


(3.13) the 3% —-nltrafiliter % te prancmsostherecic argument is 


meversible. Therefore. ZU ss 2 


Because 8 is a disjunctive eollectiommot ce ioced wolpcers 


8) 
(ZU Za) 


omen, from (3.8) it follows that the % -filter 
os { Ze: xeZ } is the unique R-ultrafilter converging 
to the point x. Hence, the mapping f from X into w( 3 ) 
defined by f(x) = tom is injective. Furthermore, f is a 
homeomorphism from X onto f[X]. For let Ze be a basic 
closed set. Then $ef[{Z] if and only if F= ce for some xeZ. 
Memiollows that Ze ie southat ta eZ” . Hence, 
Vef{X]qz-. The argument is reversible so that 
Med = f(X] az 
The next argument proves that every non-empty basic open 
set in w( 3) meets f[X] from which it may be concluded that 
£{XJ is dense inw(R). A non-empty, basic open set of w( 2 ) 
is of the form u” = { €ew( %) : there exists AcY such that 
fewlwand (X\U)e RX}. In a manner similar to that of the 
previous paragraph it follows that f[U] = f[X] NU” for every 
Speneset U such that xX \ Ue 3 Pe MOMeG@ Vets) 1 a jis non-empty, 
then fLU] is non-empty and hence i xeluqae: is also non-empty. 
Furthermore, the space w(%) is Hausdorff. Let %, and 
% > be distinct R-ultrafilters. Then by (3.11(2)), there 
exist BE and [Mea satisfying Z, 492. =. Since 8 is 
emmermal collection, there are sets Cas C,e 3 such that 
Z,¢X~NC,, 2,¢XC, and (X NC) A(X \C,) = @. Hence, 
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“3 eG NICs ae 55 e(X\C,)" and (X\ C,)" A(XNC,) =p. 


Finally, the space w( 2) is compact. For let o” be a 
collection of closed sets in w( 8) with the finite inter-— 
section property. -It is sufficient to consider o” as a 
collection of basic closed sets. Let 6 = { Ze3: 2 co”}. Pe 
is easily seen that $6 has the finite intersection property. 
mmermetore, it follows that there is a R-ultrafilter Such 
that oc}. If Zee, then ZF so that SZ". It follows that 
% belongs to the intersection of the members of 96”. 

It has thus been established that w( %) is a compact 
mMemsaorti space that contains a dense homeomorphic copy of i. 
Furthermore, Frink showed that when & is the collection 
© (X) of all zero-sets, the space w( 3) is precisely the 
Stone-Cech compactification @X (within a homeomorphism). It 
can be shown that when 8 is the collection of zero-sets of 
those continuous functions on X that are constant on the 
complement of some compact subset of X, the space w( 4) is 
the Alexandroff one-point compactification [1]. 

mire normal™ base concepy plays another important role in 
Meee asvudy Of CLopological spaces because it furnishes an inter-= 


feemecmnaracverization of completely regular tT) -Spaces. A T\- 


ar RR NR: | mS RE ei SERRE EST SSS 


a normal base. The necessity follows from the fact that the 
zero-sets are a normal base for a Tychonoff space. Conversely, 
when a T) -space has a normal base, then it has a Frink compacti- 
fication and is thus completely regular. 


NT 








Alo and Shapiro introduced the following concept which 
generalizes the normal base property and is useful in 
constructing Wallman-type realcompactifications of a 


ayehnonoff space. 


Be 5 Pe rant ia@a ele ts vic aa topological space. A 
a delta ring of sets that is a normal base and complement 


Bemerated. 


ieom previous resulvs and remarks, it is clear thet. the 
collection 72Z(X) of all zero-sets is a strong delta normal 
Saree when X is a Tychonoff space. In fact, it can be shown 
trae every strong delta normal base is a subcollection of the 
zero-sets ([33], 2.7.8). | 

Hoa strong delta normal base % on a Tychonoff space X, 
Alo and Shapiro considered the collection p( 3) = {¥ew( 3) : & 
has the countable intersection property} . Moreover, they 
showed that p( 8) considered as a subspace of w( 8) is a real- 
compact space that contains a dense homeomorphic coppmot 4. 
They also showed that if 3 is the collection of all zero-sets, 
then o( 2) is precisely the Hewitt realcompactification vx. 
Furthermore, every Gy - set in p( 8) meets the homeomorphic 
image of X. Their work may be found in [3]. 

In the above work, Alo and Shapiro also give an example 
to show that different strong delta normal bases may produce 


different realcompactifications. An open question is whether 
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or not every realcompactafication is Of encusonmen @ mecor 
some strong delta normal base or w( 4%) for some normal base 
(since compactifications are realcompactifications), E. 
oteiner has studied this question in [26] and introduced the 


molowing concept. 


Roc Definitions | Leu x bers non-empty set. The collection 
R is said to be nest generated if for each Ze} there exists 
a sequence { Zieh : ne IN} of elements of R and a sequence 
C : neN } of complements of members of 8 such that 


{ n 
Z 


i} 


Nn{ Z, : ne N } and Cc .,¢Z .,¢C,¢2 for each ne. 


The mexteresult is due to Weir [4]. 


meme ame ee ee 


R is a nest generated delta ring if and only if 3 is a normal 
complement generated delta ring. 
Proof: Let be nest generated and let A,Be with 
ANB =. Then there me sequences { ae > neN} and 
ot B. : nelN ag g whose intersections are A and B respec-= 
tively. Also there are sequences { X\NC_ : nefN } and 
{ oe : neN } of complements of % sets such that 
. ICANA = Ae SRS EC SH. and Ne 


cB CXND_ CB for 
n n n 


if tal: ted +h 
each neN. Let P = Uf esc) nN (X NE) > neN} and 

Q= uf{ (XND) ACK NA) > NneN}. These are disjoint comple- 
ments of members of . For SUpPOscewxe el. Lhe xe (XNC_) and 


xe(X NB) LOwesone Ms lcatollLowseenate . i xe(X NA) pnen 


m<n while XeX \D_ only if mon. Hence xeQ. A similar argumenv 


4 








holds for x.@. By re-writing P and Q as P = X\ n{ es > Ne WN } 
and Q= X\n{ DUA : ne IN} , it is clear that they are 
complements of 8 sets. Furthermore ACP and BcQ. For 
Suppose xeA. Since ANB =@ and B = { BL > ne IN } Ws 2 cUhe re as 
amet such that EOS IE It is clear that xeXNC_. Hence 
xe (X \ A) (X\B_) so xeP. Similarly for Q. Therefore 2% is 
normal. Finally let Ze. Then there exists a sequence 
{ AL > ne fN} in R and a sequence { Co : neN } of complements 
of 2 sets which satisfy the nest generating property. From 
the facts that Z = nt A, : ne NN} and the nest generating 
property, it is clear that 2 = A{ C, : ne No}. Hence 3 is 
Complement generated. 

Conversely, let } be a normal, complement generated delta 
ring. Let Ze . Since 2 is complement generated, 
Meee X NZ: ne |N } where each Ze 3 . Since ZNZ, =@, by 


1 


the normality of there exist sets A BieX such that 


1? 
ZCXNA,, 2,CXNB, and (XNA) N(X\B)) = @ . Hence 
ZCXNA,CB,CKNZ,. Define A by ar = XN(A, UZ). Then 
ave . Moreover, (X \ Ay) NZ, =i) eiauclh Vaile SN SBRE ON as 
is easily versified. Next there exist sets A, sBoeR such that 
MeN, AGN B, angen A,)in(X \B,) = ¢ . Hence, 

Z CXNA, CB, ENT 125 Moreover B, OXNZ, Since 

(XV At) 02, =$¢. Next define NA by XNA, = KN (A, VU Z3). 

Again er and (XN AS) NZ, = 6 . Also Z CXNAL CB, CXNA) CB, 


By induction define sequences { a : Ne VN} and 


oe, ne IN} in & as follows: Assume that for i = 1, e++, k 
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the sets a and By have been defined such that 


a) aS 
(Als) B, CX Z, 


(2) (XNA,)NZ,,, =¢. 


/ / 
(3) Ce ee XNA, S53 


Then since ZA = %, there exist sets A and B Swen 


k+l k+1 
j ) - 
that Z2¢XNA,,, A, CXNB,,, and (XNA,_)) OSES 8. aw) =) 


/ , / Resi in 
Thus 2 CX NA, ,, OB, OX NA, CB. Define AL. DY XN AL ay 


/ / ey 
(ee 
cao): Then ade and Z€X\A/,,¢B,,,¢XNA CB. 


/ = 
mo, CX N\A) NZ) =@ and Bap CXNA 


X NCA UeZ 


k+1 


: It then follows 
Buet Z2= f{ B : ne IN} from the fact that BLEXNZ for 


every ne{N . Hence, 2 is nest generated. 


3.25(1) Remark. E. Steiner defined a collection 8 of 
@rosed sets as separating in case for any xeX and any closed 
set F such that x¢F there exists Za» Zoe 3 satisfying xeZ,, 
FCZ, and Z, 02. = © Actually, the preceding result (3.25) 


states that a collection of closed sets is a separating nest 


me rc ete yr mmm tt ee ct 


Ca Se ee ee) 


normal base. 


After (3.25) a natural question to ask is whether or not 
macomolement generated delta ring is nest generated. The 
following example answers this question negatively. 

Let X be the natural numbers and let 8= { Ze fF(X) : Z 
has finitely many points }. Clearly 8 is a delta ring. Let 
ZeX such that Z = {n 


oeen Det ime “awsequence as 


LDDs k ire 
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follows: let Z =A sere aN) ae Zo = { min [ZN (ZVZ,) Pe 
ee = { min [XN(ZU 2, cee UZ, 4] }eee, Each Z, consists 

of a single point. Hence Z,e3 for each i. Also 

Z=n{ XNZ, : ic IN } for suppose neZ. Then n¢Z, for each i 
Semchat ne (\{ ANZ, : ie IN}. On the other hand SuCvoce 

ne tif NON ar eet IN}. If n¢Z eventually { n } = Z_, some m. 
Hence ngXXZ_. Thas would lead@vo a contradtegion. Sihis mez 
and equality has been proven. However R MSenMoOt Nest gemeratved:, 


For suppose it is. Then C j,¢2Z CC, cZ, where Z eX and 


+] n+l 


Mimemcontains finitely many points. But Cn 


n+l 


+1 TS) bie scompole— 


ment of a % set and thus has infinitely many points with 
Cat ene] which 1S impossible. 

Except for a few results on tracing when %-filters were 
imest introduced, this concept has not been ‘explored, invthis 


thesis. The remainder of this section will concentrate on 


this area 


= 


3.26 Lemma. Let A ©X be a non-empty subset of the set 


X such that RNA*#¢ . The following statements are true. 

(1) If 2 is 3-disjunctive then 3 NA is 
Rn A-disjunctive. 

(2) If 2 is a delta ring of sets then RnA is a 

(3) If 2 is complement generated then NA is comple- 
ment generated. 


meoor-: CL) — Let Ze RNA and xeA\Z,. Then x¢Z where 


LZLNA= Z ye Since Ris 3-disjunctive, there is a Z e% such 


Sie 





that xeZ’ and Z’nZ =. Then ea = 7/ A and a Tae =¢. 
Hence XNA is 2nA-disjunctive. 
/ ae / _ 
(Cys Br A XNA. Then Z,UZ, = (ZNA)U(Z°NA) = 


(zuz') A where 242 eR s Since Aas Cligsed tinder emia tte 
unions, it follows that ZU zie ANA. Let { Zy€ ANA : ne IN } 
Mena COUntable CcColleclionmGmssubsets Of 3A Agee Lhe 


: ne PJ) } NA where 


n n 

N{ 2, : meN} = Nt 2 NA: neN} =n 2 
each Zc » * Peet tice x 18 closed Under countable Mmatersectmons . 
it follows that n{ Zse A, : nmeN te 2 n A. Hence RNA is 


a Geilta ring of sets. 


2) Ger Z ne 28 nA where Z, = 2 MA with ZeX%. Since 
x is complement generated, Zn =ZNA = at iN\Z neN} NA = 
af AN Ges NA) : neN} = at NNO ne N} where 


A 
Zy = he NAc RA A. Hence RNA is complement generated. 


The next lemma obtains similar results for properties 


femaned on a topological space. 


3.27 Lemma. Let X be a topological space and let Aeéx 


such that 3 NA#¢ . The following statements are true. 


mm 


ce MR ee 


DS 








PrOOr: @Gh) sete: Fy be a closed sllbset of Ae) Gnen 
F, = FNA where F is a closed subset of X. Since 2 is a base 
for the closed sets, Ba = FNA = nif Ze 2 > ne NI NA = 
Y { Zz AA > MeN} = oe : ne[N} where each Zins ERNA. 
Hence ANA is a base for the closed sets. 

(2) Let F, be a closed subset of A and let xe ANF, 
Then xeF where F is a closed subset of X and F, = FA. 


A 
Because 2 is disjunctive, there exists Ze% such that xeZ and 
moe =O. It follows that xe Zn = ZAA and 2, MF, =$. Hence 
pees is disjunctive. 

(3) Let xeA and let N(x) be a neighborhood of x 
meee, 4 ihnen there is a neighborhood N(x) of x in X such that 
ie NA = NOx). Since 41s a local. base, there is a Ze ¥ 
semen that xe int Z<eZeN(x). It follows ee Ke (aa eee 

mnhaN(x) fY A so that xe int ,2,¢ 2,¢N,(x) where Z NA = 
Zye RMA. Hence RMA issa local base. 


pomlarvcite Properttcsnthat were Imposed ecarlicr on, 4 wave 
@racead down to a subset or subspace very easily. Unfortunately 
memos Not the case for a normal collection. The next 
example which is similar to one in [28] demonstrates this fact. 
Let X = WN u{ 0 } and let 
X = { ZePC(X) : Z is a singleton point, X\Z is a singleton 
beat, Z consists of all points of the form 4n+3 for neX and 
Mnor 2 consists of all points of the form 4n for neX Bey ile 


is readily verified that % is a normal collection. 
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Let A= [N and consider 3NA. ‘The two sets Z, = 


{ in: ne N} and Z, = { 4n + 3: ne N} belong to 2na 


2 
and 2, N Z, = @ . However, Z, and Z, are not contained in 
ecomplements of sets from ROA WHOSE Intersection issemouys 
Thus 8 A is not normal. 

Mae  CONCeCOU O fel cng @e We ied bo cence sot emit yan Wuerc enim. 


meaningful conditions where RA is normal. First, it must 


be shown that the property of nest generated traces to 379 A. 


3.28 Lemma. Let X be a non-empty set and let AcX with 


nent cr ee ee 


RnaA+# @. If is nest generated then 2NA is nest 
Penerated. 
BEOol ee Let ZNAECANA. Since Ris nest generated, there 
exist sequences {Z, : neN} and {C, : nelN} such that 
wel ne 
ZN A =N (Z : meN}NA =n{zZ_, NA: ne N} and 


Z= n{Z :neN}and C,,¢2,,,¢C,¢2, for each ne WN. Then 


NACZ ,NACC NACZ “NA for each ne N. But Co aee 


teal 
where D, is the complement of a QnA set. Hence, RA is 


Merwe conerated. 


3.29 Corollary. Let A be a non-empty subset of X such 


Se ageing © eerste 


that R3nAzG. If 3 is a normal, complement generated delta 
mime, then nA is a normal collection. 

Oot hy "Comcoy eee erence si evlemetec am by = (a - 0 usar 
20), XNA sig a nest generated delta ring. Hence, by (3.25), 


poem 2 is normal: 


Ns, 





2 -CONTINULTY 


The theory of Bourbaki falters can be Ut ule zeae 
eerermining whether 2 piven function is icone mucn eesoe otal 
that for a function f from a space X into a space Xx! ana 
peBourbaki filter Bion X, the collection f( %)={f(F) : Fe ¥} 
is a filter base on X’. However, if 2 and 8! are sub- 
collections of X ana x’ respectively and Gis a %-filter the 
collection f($) is not necessarily a q-filter becatare 
f(F) is not in general a member of ae Thisssecriom as 


concerned with relating %-filters and continuity. 


4,1 Lemma. Let 8 and 3/ be collections of subsets of 
the topological spaces X and x/ respectively and let % be 
a -filter on X. If f is a function from X into X’ satis- 
fying f(F)e3’ for all Fe %, then f(%) is a /-filter base. 
Proof: Since € is non-empty, the same is true of 
f(%). Also, for each 1S tae Teme r se. because? cia sa) munc yom, 
If f(F,) and f(F,) belong to f(%), then F,NF,€% and 


f(F, NF) <f(F,)af(F,). By (2.4) f(%) is a 3-filter base. 


The above result suggests a possible approach to obtaining 
Q/ cers. however, the fact that for a continuous func— 
be@eevyne pre-image of open sets and closed sets are, respec= 
tively, open sets and closed sets while the same need not 


Dememue of the image motivates the following definition. 
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4.2 Definition. A function f from a space X into a 


space X‘ is called X-continuous in case Oo PA de 2 for each 


/ 
eae 


then f is continuous. 

Proof: Let F’ be a closed set in X’. Since 3/is a 
base for the closed sets, F’ = nf Zoe Re heA } .) Then 
feet] = { fala al : AcA } which is closed because 
ee Z,/ Je 3 for each AeA . Hence, f is continuous. 


mr mcm ee ee SD 


function f : X*X/ is continuous, then f is 3 -continuous. 
Proof: For anyecloscwmcses B7 an X“ it folllowsecuat 

f  [P/ = 4 r[2,/ J were } ©. -Sinee & is “comzanuousr 

e127) is closed for each Xeh. Hence cP’ Je 2 and f 


ifs x =COmplmuouse 


¢ 


As the collection f( %) is used in Bourbaki filters for 
amriiver base in the range space, the following collection 
Mays a Similar role for 2 =filters. For a function £ from 
X into Xf and a -filter ¥ denote the collection 


{ Zc 2’: ae de E } by lee 


4.5 Lemma. Let the function f : X+X/ be -continuous 
and let ¥ Bema 5-1 liter meee rake: is non-empty, then cig 
is a -filter. 


Sif 








Proof; The empty sev does nov. vomoncuLe rae because 


f(F)#¢ for any ket. Let Zs and 25 belong to aie 4 . Then 


ole | and cal Za are members of $. Now, 


-l-o/ > _ polos -l-_/ / /_ pif 

me i2, 025) =f (Zine 1 2ilet) encueomaaquaean EG. Let 
Ze" contain a member 2’ of pie , Them wees J eT wal | 
and ey je BS . wilt -foddoweus mat 2et" ¥ . Therefore, pie 


is a %/-Ffilter. 


4.6 Definition. Let f be a function from X into X/% and 
let be a R-filter. The point yeX’ is called a limit 
morn. of f with respect to Fin case pig Lowe 2/-filter with 


mec DpOint y. 


4.7 Lemna. Let f be a function from X into X/ and let 
@epe a 2-filter. If y is a limit point of f with respect 
to G, then for every neighborhood N(y) of y there exists 
Fe$ such that f(F)¢N(y). 

Booot: | bet Ni(y )ebememme leh bornood Oe (ye) (sahce: 7 eicea 
iment point of city there is a Z‘e chy such that 2/ CN(y) 


and e-tp24] = Fe %. Ie olives ieee elimi 2 AMIN) 
The following corollary follows immediately from (4.7). 


4.8 Corollary. Let f be a function from X into X’ and 
fees be a local bases If ef & (x) is a %/-filter with limit 


point f(x), then f is continuous at x. 
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4,9 Lemma. Let f be a function from X into X’% and let 
2 and 3’ be local bases. If f is R8-continuous and 
continuous at xeX, then f’%(x) is a W-filter with limit 
point f(x). 

Proof: Let NCi(x)) be alneieibernoodie ssn] =aeeaiene 
maere is a Ze’ such Gitesc. 1 (oe eae th EMRE CRG). Since 
mens CONntLinuous, it follows that e7*fint Z’ } is a neighbor- 
hood of x. Then there is a Ze such that 
Memint ZC Z er faint Tt Wand SouZelnt 4) palo lmce. isis 
2 continuous, fa! lene Hence afer yx) So) ony (OES ie 
£ (x) is a 2'-filter emeeto) lowsman eels acme dl sinnice 


Poime of e® (x) because Z/CN( f(x). 
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